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Abstract.
We derive the kinetic equation for pure gluon QCD plasma in a general way,
applying the background field method. We show that the quantum kinetic equation
contains a term as in the classical case, that describes a color charge precession of
partons moving in the gauge field. We emphasize that this new term is necessary for
the gauge covariance of the resulting equation.
Heavy ion collisions at ultra-relativistic energies are widely expected to be a
laboratory to study the formation and properties of highly excited QCD matter in
the deconfined Quark-Gluon Plasma (QGP) phase [1]. The QGP is considered as a
partonic system being at (or close to) local thermal equilibrium. Thus, to study the
conditions for the possible formation of QGP in heavy ion collisions one needs to address
the question of thermalization of the initially produced partonic medium [2]. On the
theoretical level this requires the formulation of kinetic equations [3] involving color
degrees of freedom and the non-Abelian structure of QCD dynamics. Different models
for the initial conditions in ultra-relativistic heavy ion collisions suggest that at the early
stage the medium is dominated by gluon degrees of freedom [4]; the kinetic equation for
the pure gluon plasma is thus of special interest.
The kinetics of a particle moving in a non-Abelian gauge field was first studied for
SU(2) symmetry [5]. The equation of motion derived in [5] made it clear that in the
presence of the gauge field the color charge of the particle keeps rotating or undergoing
precession with time. Consequently, there is an explicit term in the classical kinetic
equation, which describes the time evolution of the color charge of partons. Applying a
typical method to derive a semi-classical transport equation from the quantum theory,
which is contained in the formulation of the equation of motion for the Wigner function
and its subsequent gradient expansion [6, 7, 8], one loses the explicit presence of the color
charge precession because the obtained transport equations are not most simplified. The
author of Ref. [9] simplified the kinetic equation for gluons based on Ref. [8]. However
the simplification is under the assumption of a specific form of the covariant Green
function (actually it is a special case of this work), and the color precession term was
not explictly and transparently interpreted.
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The usual treatment of the gluon transport equation is based on the decomposition
of the gluon field into a mean field and a quantum fluctuation, or into a soft and a
hard part. Under this approximation the gluon transport equation then describes the
kinetics of the quanta in the classical mean field [6, 10]. This picture is somehow similar
to the one used while studying the energy loss of a fast parton moving in the soft mean
field [11, 12]. Since this decomposition is not rigorous, the explicit gauge invariance
of the formalism remains unclear. To include the classical chromofield into QCD in a
proper way, one uses the background field method of QCD (BG-QCD) introduced by
DeWitt and ’t Hooft [13, 14, 15]. The advantage of BG-QCD is that it is formulated in
an explicit gauge invariant manner.
One of the first attempts to derive the gluon transport equation in BG-QCD was
presented in [16]. But the obtained equation is not transparent. The most recent work
has been done by Blaizot and Iancu [17, 18] in the context of the close-time-path (CTP)
formalism. There, however, the authors focus on formulating the transport equation in
the vicinity of equilibrium.
In this work, we use the CTP method to derive the kinetic equation for the gluon
plasma in BG-QCD. Our derivation is going beyond previous results as it is quite general
and not limited to the vicinity to equilibrium. One of the most important features of the
kinetic equation derived here is that a color charge precession term is explicitly present,
similar to the one in the classical equation [5, 6, 7]. We demonstrate that this term is
necessary to guarantee the gauge covariance of the resulting Vlasov equation.
In the following we use gµν = diag(1,−1,−1,−1) as the metric tensor, and we
write Lorentz indices as subscripts and color ones as superscripts for the relevant
quantities. For the gauge field and its field tensor we also denote: Aµ ≡ A
a
µT
a and
Fµν [A] ≡ F
a
µν [A]T
a, where (T a)ij = if iaj are the generators of the SU(3)c adjoint
representation. The two-point Green function (GF) or self-energy (SE) are treated as
matrices, and thus the color and/or Lorentz indices are sometimes omitted.
Applying the background field method, we decompose the conventional gluon field
into the sum of a classical background part A and a quantum fluctuation Q. Including
the appropriate gauge fixing and ghost term for the background gauge Dijµ [A]Q
j
µ = 0,
the BG-QCD Lagrangian reads [15]
L = −
1
4
F iµν [A+Q]F
i
µν [A +Q]−
1
2α
(Dijµ [A]Q
j
µ)
2
+ C
i
Dijµ [A]D
jk
µ [A +Q]C
k , (1)
where Dijµ [A(x)] = [∂xµ−igAµ(x)]
ij is the covariant derivative, C i/C
i
are the ghost/anti
ghost fields and α is the gauge fixing parameter.
The above Lagrangian is invariant under the local gauge transformation of type
I (type II transformation is irrelevant to the current problem) where the background
field transforms as a conventional gauge fields, A′µ = UAµU
−1 + ig−1U∂µU
−1, while
the gluon and ghost field transform as a matter field, Q′µ = UQµU
−1 [15]. Here
U(x) = exp[igωa(x)T a] is the transformation matrix.
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The non-equilibrium dynamics is usually described in the CTP formalism [19].
Here the action can be written as SCTP = S+ − S− + K(A±, Q±) where all fields in
S± are defined on the positive/negative time branches and K(A±, Q±) is the kernel
incorporating initial state correlations. The GF for the gluon has four components:
[G++, G+−, G−+, G−−] ≡ [GF , G<, G>, GF ], marked by the positive or the negative time,
respectively. At the tree level there are only vertices with all positive or all negative
time variables, which differ by a sign. The non-local kernel K(A±, Q±) appearing in
SCTP is non-vanishing only at the initial time and plays the role of the initial density
matrix. If the initial time is not in the remote past, it introduces a time dependence
to the distribution function, and consequently the time-translational invariance is lost
[20]. It is interesting to note that the situation here is similar to the pinch singularity
discussed in [21].
In the CTP formalism, choosing the physical representation for the GF and SE ‡,
the Dyson-Schwinger equation (DSE) for GC reads
D(x1)G
C(x1, x2) = −
∫
d4x′[ΠC(x1, x
′)GA(x′, x2)
+ ΠR(x1, x
′)GC(x′, x2)] , (2)
GC(x1, x2)D
†(x2) = −
∫
d4x′[GR(x1, x
′)ΠC(x′, x2)
+GC(x1, x
′)ΠA(x′, x2)] , (3)
where the differential operators D and D† in the Feynman gauge § (α = 1) are expressed
by:
Dhiρσ = gρσD
ha
µ [A]D
ai
µ [A] + 2gf
haiF aρσ[A] , (4)
D†;hiρσ = gρσD
†;ha
µ [A]D
†;ai
µ [A] + 2gf
haiF aρσ[A] , (5)
where D†;ijµ [A(x)] ≡ [
←
∂ xµ +igAµ(x)]
ij is the conjugate covariant derivative where the
differential operator acts on the function on its left.
In the evolution of the gluon field one distinguishes different scales, which
characterize quantum and soft collective motion. We introduce a mass parameter, µ, as
the separation point of the quantum and the kinetic scale. In the weak coupling limit
g ≪ 1, the scale of collectivity ∼ 1/(gµ) is much larger than the typical extension of
hard quantum fluctuations ∼ 1/µ. The effect of the classical field A on the hard quanta
involves the coupling gA to the hard propagator and is of the size of the soft wavelength
∼ 1/(gµ). The above separation of scales is the basis for the gradient expansion where
one expresses all 2-point GF,s in terms of the relative y and the central X coordinate.
Here are some typical scales: y = x1 − x2 ∼ 1/µ, X = (x1 + x2)/2 ∼ 1/(gµ), A(X) ∼ µ
and F [A(X)] ∼ gµ2.
‡ In the physical representation the elements of GF and SE matrices are expressed by the symmetric
(C), the retarded (R) and the advanced (A) components. They are related to the original components
by the following transformations: GA = GF −G>, GR = GF −G<, GC = G>+G< (the same relations
hold for the SE ΠC/R/A up to a sign in front of Π> and Π<).
§ In fact due to gauge conditions: Dijµ [A(x1)]G
jk
µν (x1, x2) = 0 and G
ij
µν(x1, x2)D
†;jk
ν [A(x2)] = 0, Eqs.
(2,3) are independent of the gauge parameter α.
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In order to obtain the gauge-covariant kinetic equation one uses the gauge-covariant
Wigner function G˜(X, y) (G˜C , G˜> or G˜<) defined by
G(x1, x2) = V (x1, X)G˜(X, y)V (X, x2) , (6)
where V (z1, z2) = TP exp(ig
∫ z1
P ;z2
dzµAµ) denotes a Wilson link with respect to the
classical background field. One can also define the Wilson link as a functional of A+Q,
but it is a much more complicated case and beyond the scope and subject of this work.
The covariant Wigner function G˜(X, y) transforms as U(X)G˜(X, y)U−1(X); only
the transformation at a single point X is thus relevant. For G(x1, x2), however, the
gauge transformation involves two points and therefore is not gauge-covariant.
Taking the difference between Eq.(2) and Eq.(3), we derive the following kinetic
equation in terms of the gauge covariant Wigner function G˜C(X, y):
q · ∂XG˜
C
αγ + ig(G˜
C
αγq · A− q · AG˜
C
αγ)
+
1
2
gqνFνλ(∂qλG˜
C
αγ) +
1
2
g(∂qλG˜
C
αγ)qνFνλ
+ g(FαβG˜
C
βγ − G˜
C
αβFβγ) = 0 , (7)
where G˜Cαγ ≡ G˜
C
αγ(X, q) is the Fourier transform of G˜(X, y) with respect to y: G˜(X, q) =∫
d4y G˜(X, y)eiqy.
The above equation is located at the collective coordinate X and is gauge-covariant
under the local gauge transformation U(X), i.e. it transforms as U(· · ·)U−1. Indeed,
noting that both Fµν and G˜
C
αγ are gauge-covariant and ∂qµ does not affect U , it is obvious
that the last three terms are gauge-covariant. With some algebra, we can also prove the
first two terms preserve gauge covariance too.
The quantum kinetic equation Eq.(7) is derived in a quite general manner without
requirements or assumptions that the QCD plasma appears close to equilibrium. In
the following we show that Eq.(7) is a natural quantum generalization of the classical
Vlasov equation. In particular the color charge precession will be explicitly identified in
the quantum description of color charge kinetics given by Eq.(7).
The classical kinetic equation for the color singlet distribution function f(x, p, Q)
has the following form [5, 6, 7]:
pµ[∂µ − gQ
aF aµν∂pν
− gfabcAbµ(x)Q
c∂Qa ]f(x, p, Q) = 0 , (8)
where Qa is the classical color charge and a = 1, .., N2c − 1.
Comparing Eq.(8) with the quantum expression Eq.(7) it is clear that the color
singlet distribution function f is replaced by the gauge-covariant Wigner function G˜C
which is a color matrix in the adjoint representation. One can also recognize that the
first, third and fourth terms of Eq.(7) are the quantum generalization of the first two
terms in Eq.(8). The last term in Eq.(7) appears from the covariant operators ‖ and
hence is not present in the classical equation.
‖ This term can be written in different form by using generators of the Lorentz transformation in vector
representation. Similar term can be found for the quark, but expressed through generators in spinor
representation.
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Particularly interesting is the appearance of the second term in Eq.(7). We have
seen that its presence is crucial to assure the gauge covariance of the Vlasov equation.
In addition this term has an interesting physical meaning. It is the quantum analogue to
the color charge precession in the classical kinetic equation. To see this more clearly, one
can expand G˜Cαβ(X, q) with respect to the generators T
a of the adjoint representation
as follows
G˜Cαβ(X, q) = Nαβ(X, q) + T
aNaαβ(X, q)
+ T aT bNabαβ(X, q) + · · · , (9)
where T a are quantum analogues to the classical color charges Qa; Nαβ(X, q) is the
color singlet and Naαβ(X, q) the color octet function, etc. This expansion is similar to
the multipole expansion of an electromagnetic source in electrodynamics. In the lowest
order approximation, one can keep only the first two terms in Eq.(9) and neglect all
others. Then the second term of Eq.(7) becomes
ig(G˜Cαγq · A− q ·AG˜
C
αγ) ≃ −gf
abcqµA
b
µT
c∂TaG˜
C
αγ (10)
which is just the classical color precession term in Eq.(8).
Since we know that DX ∼ gA(X) ∼ gµ, the first two terms of Eq.(7), i.e. q ·∂XG˜
C
αγ
and the color precession term, are at leading order O(gµ2), while other terms are at
subleading order O(g2µ2). In the vicinity of equilibrium the natural scale in the system
is the temperature T . The mean distance between particles is of the order of ∼ 1/T ,
while 1/(gT ) characterizes the scale of collective excitations [17, 18]. For small coupling
constant g these two scales are well separated. The covariant Wigner functions can
be expanded around their equilibrium values: G˜ = G˜(0) + δG˜, where the equilibrium
function G˜(0) is a color singlet and the fluctuation δG˜ ∼ g2G˜. Typical scales are q ∼ T ,
DX ∼ g
2T , gF ∼ (DX)
2 ∼ g4T 2. Thus, at leading order, only the first term of Eq.(7)
survives and the precession term vanishes due to the color-singlet nature of G˜(0).
In summary, by applying the closed-time-path formalism we have derived the gluon
kinetic equation in the background gauge of QCD. Equation (7) is quite general and
is not limited to the vicinity of equilibrium. It is a kinetic equation with respect to a
gauge-covariant Wigner function, which is a matrix in adjoint color space. Therefore
it contains many non-Abelian features which are absent from the well known classical
equation. A notable feature is that, as in the classical case, it contains a term that
corresponds to the color precession, the non-Abelian analogue to the Larmor precession
for particles with magnetic moments in a magnetic field. This term was not explicitly
shown before in the formulation of a Boltzmann equation for the QCD plasma. We find
that this term is necessary to the gauge covariance of the kinetic equation.
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